We generalize the operational quasiprobability involving sequential measurements proposed by Ryu et al. [Phys. Rev. A 88, 052123] to a continuous-variable system. The quasiprobabilities in quantum optics are incommensurate, i.e., they represent a given physical observation in different mathematical forms from their classical counterparts, making it difficult to operationally interpret their negative values. Our operational quasiprobability is commensurate, enabling one to compare quantum and classical statistics on the same footing. We show that the operational quasiprobability can be negative against the hypothesis of macrorealism for various states of light. Quadrature variables of light are our examples of continuous variables. We also compare our approach to the Glauber-Sudarshan P function. In addition, we suggest an experimental scheme to sequentially measure the quadrature variables of light.
I. INTRODUCTION
Quasiprobabilities represent quantum states as phasespace distributions [1] [2] [3] [4] [5] . In quantum theory, the incompatible conjugate variables cannot be jointly and exactly determined due to their uncertainty relation, so the quasiprobabilities can have negative values, which is not allowed in the probability axioms [6] . Thus, the negativity has been considered as a nonclassical feature of quantum systems against the classical phase-space distributions, which are always non-negative. However, this differs from other works which define nonclassicality based on the operational formalism wherein preparation, operation, and measurement cooperate explicitly [7, 8] . The nonclassicality is identified by comparing the classical predictions of classical electromagnetism [9] and of the realistic models [10, 11] assuming physical quantities are predetermined before the actual measurements. There also have been efforts to employ negative probability as criteria of describing quantum predictions [12] [13] [14] [15] [16] [17] [18] .
The quasiprobabilities such as Wigner function and their classical counterparts represent a given physical observation in different mathematical forms. Furthermore, negative values in one quasiprobability can be positive in another [8] . These may be regarded as obstacles in operationally interpreting the negative values. The former is called the "incommensurability" of quasiprobabilities [15] .
The commensurate approach to defining quasiprobabilities by Ryu et al. [15] was suggested to directly compare quantum statistics to classical probability distributions in given experimental scenarios, including temporally or spatially separated observers sharing a quantum system. The quasiprobabilities are defined operationally, and called "operational quasiprobabilities." They showed that the negative values of the quasiprobability are incompatible with the predictions of the classical model. * rjhui82@gmail.com † hyoung@hanyang.ac.kr
They considered discrete variable systems only and the generalization to continuous-variable (CV) systems has not been made yet.
In this work, we generalize the approach of operational quasiprobabilities [15] to CV systems. A Hermite polynomial is employed to handle the unbound CV outcomes and to characterize their probability densities. We define the commensurate quasiprobabilities involving the sequential CV measurements. They consist of expectation values of unbounded observables measured at different times. Quadrature variables of light are our examples of CV systems. We prove that the existence of an underlying classical model, assuming classical realism and noninvasive measurability, called macrorealism, implies the positivity of the quasiprobabilities. The condition of no signaling in time [19] [20] [21] is considered a specific noninvasive measurability.
To test macrorealism, the Leggett-Garg inequality has been employed, consisting of temporal correlations between bounded variables [11, 22] . In this case, the observables need to be binned to dichotomic outcomes or bounded in the finite range, say, the interval [−1, 1] in the macrorealism tests of CV systems [23] [24] [25] . In Ref. [20] , unbounded observables for CV were considered to test the condition of no signaling in time; however the experimental scheme is not known yet. We propose an experimental scheme to realize the sequential CV measurements of quasiprobabilities.
We also discuss the relation of the negativity of operational quasiprobability to the nonclassicality of light, typically witnessed with the Glauber-Sudarshan P function [3] . In a conventional view, coherent states and their statistical mixtures such as thermal states are understood as classical [3, 26] , whereas states whose average photon numbers are low or superposed coherent states are nonclassical [9, 27] . In contrast, our approach shows that the states such as vacuum, coherent, number, squeezed vacuum, Schrödinger cat-like and a thermal state of low average photon number can have negative values in their operational quasiprobability. On the other hand, that for a bright thermal state is non-negative in the limit of an infinite number of average photons and furthermore it converges to the domain of no signaling in time.
II. GENERALIZATION TO CONTINUOUS VARIABLES A. Commensurate distribution
A quasiprobability distribution W(x, p) of a quantum model is said to be commensurate with its classical counterpart of probability distribution P (x, p) if both models allow the same physical interpretations for their expectations in the given functional forms. For instance, consider expectations of quantum and classical models in a given functional form of
The expectation f (x, p) represents the statistical average of f (x, p), as position x and momentum p are measured, if it is equated with the experimental average, i.e.,
where x i and p i are the ith measured position and momentum. This is exactly how the classical model interprets the functional. On the other hand, the interpretation in the quantum model depends on how one defines a quasiprobability distribution. The conventional quasiprobabilities such as Wigner, P, and Q functions [1-4] are not commensurate, as they demand different physical interpretations for a given form of functionals, not satisfying Eq. (1). We need a commensurate quasiprobability to directly compare a quantum model to its classical counterpart-in other words, to keep the physical interpretation from being altered. The two types of distributions are said to be compatible when the quasiprobability distribution W(x, p) is non-negative everywhere in the phase space. In quantum physics one may find it crucial to describe a quantum system in an operational way, i.e., by accounting for the physical processes in preparing, operating, and measuring a quantum state. We adopt such an operational approach in this work, contrary to the conventional approach of using mathematical transformations, e.g., Wigner-Weyl transformations, from a quantum state only. We find such a quasiprobability, in particular, satisfying the commensurability. It was reported that a commensurate quasiprobability for a discrete variable system can be defined in an operational way [15] .
We find such a quasiprobability distribution for a CV system, calling it an operational quasiprobability for continuous variables (OQCV). It is defined operationally with sequential and selective measurements in time. However, before doing so, it is mathematically convenient to expand arbitrary normalized distributions in terms of Hermite polynomials. For instance, consider and expand a probability distribution of two arguments,
where H n (x) is a Hermite polynomial of the nth degree. Reciprocally,
for m, n = 0, 1, 2, .... It is seen that C mn contains the complete information on the distribution P (x 1 , x 2 ), called a characteristic tensor. Here we used the fact that Hermite polynomials form a complete set of orthogonal bases in the real space with respect to the weight function exp(−x 2 /2) [28] :
Note that the integral is taken over (−∞, +∞); this convention is used below in all formulas. For more detailed calculation, see Appendix A.
B. Selective sequential measurement
We shall define OQCV with two sequential and selective measurements in time. Suppose that two measurements M i for i ∈ {1, 2} are selected to be performed at time t i (here t 1 < t 2 ), and their outcomes x i are real numbers, i.e., x i ∈ (−∞, +∞). There are four cases possible (see sequentially. Here we denote the four setups by the tuple (m, n), where m = 0 (or n = 0) implies that the respective measurement M 1 (or M 2 ) is to be performed. For each measurement setup, we obtain the expectations of Γ 00 = 1,
where P (x i |M i ) are experimental probability distributions in measurements M i and P (x 1 , x 2 |M 1 , M 2 ) is in the joint measurement. Here, Γs are the moments of Hermite polynomials in the measurement setups, respectively. We now propose the OQCV defined by
(6) It can be represented in terms of the (experimental) probabilities (see Appendix B):
It is worth noting that W(x 1 , x 2 ) has the following properties:
Commensurability
The W(x 1 , x 2 ) can represent the characteristic tensor
for all non-negative integers of (m, n). It implies that the distribution W(x 1 , x 2 ) governs the statistics of the four measurement setups in Fig. 1 .
Marginality
The marginal of W(x 1 , x 2 ) for a variable x 1 becomes the probability distribution of measuring x 2 , i.e., dx 1 W(x 1 , x 2 ) = P (x 2 |M 2 ), the same as for
Accordingly, the W(x 1 , x 2 ) is normalized as dx 1 dx 2 W(x 1 , x 2 ) = 1.
C. Two theoretical models of OQCV
A classical prediction of the OQCV is determined by the hypotheses according to a physical circumstance. We consider a classical model assuming realism and noninvasive measurability. Classical physics has been considered as the realistic theory which assumes predetermined physical quantities before the actual measurements. This implies the existence of an underlying joint probability distribution for the outcomes of all possible measurements.
In a temporal scenario, Leggett and Garg examined noninvasive measurability at the macroscopic level. One can measure a physical quantity of a macroscopic object without disturbing it. This hypothesis together with realism, called macrorealism (MR), leads the Leggett-Garg inequality involving temporal correlations [11] . It shows that quantum prediction is incompatible with the classical one. More precisely, MR is defined by the following three hypotheses [29, 30] : "Macrorealism per se. A macroscopic object which has available to it two or more macroscopically distinct states is at any given time in a definite one of those states. Non-invasive measurability (NIM). It is possible in principle to determine which of these states the system is in without any effect on the state itself or on the subsequent system dynamics. Induction [also called arrow of time (AoT)]. The properties of ensembles are determined exclusively by initial conditions".
Recently, the no-signaling-in-time (NSIT) condition was suggested as a statistical version of the NIM model. It states that: "a measurement does not change the outcome statistics of later measurement" [19] . The conjunction of NSIT and AoT is necessary and sufficient for MR [20] . We take a classical model with the hypotheses of the NIST and AoT conditions, each of which reads NSIT :
The AoT condition is satisfied by both quantum and classical theories [15, 18] .
In such a classical model, the OQCV [Eq. (7)] becomes a joint probability distribution, i.e., NSIT ∧ AoT ⇔ W = P (x 1 , x 2 |M 1 , M 2 ) ≥ 0. We assume that the AoT condition holds. W can be negative depending on the degree of violation of the NSIT condition: P (x 2 |M 2 ) − P (x 2 |M 1 , M 2 ). The negativity of W is a sufficient condition for violating NSIT, i.e., W < 0 ⇒ ¬NSIT. However, the inverse does not hold. The W can be non-negative even though the NSIT condition is violated. The relation between W and the NSIT condition is depicted in Fig. 2 .
For quantum theory, we consider a quantum statê and positive operator valued measure (POVM) {Â † (x)Â(x)} of outcome x (they do not commute each other in general).
Each probability distribution reads as follows: For a single measurement (x1, x2|M1, M2) . However, the W can still be non-negative even though the condition of no signaling in time is violated.
and for a sequence one
. The probability P (x i |M 1 , M 2 ) for i ∈ {1, 2} can be obtained marginally from P (x 1 , x 2 |M 1 , M 2 ), respectively.
As a nonclassicality measure, we employ a total volume of the negative probability of the OQCV, negativity N [15, 31] :
To collect full contributions of the negative volume, one examines all possible measurement bases.
III. NEGATIVITY OF QUADRATURE VARIABLES OF LIGHT
We examine OQCV for the quadrature variables of light. As our examples of light, we consider vacuum, coherent, number, squeezed vacuum, cat, and (bright) thermal states. It turns out that the negativity depends on the overlap between the given state and measurement bases on the phase-space. To see this more clearly, we plot OQCV for some states with a fixed measurement basis, which is presented in Fig. 3 . We additionally analyze how the overlap contributes to the negativity for the example of a coherent state. For each considered state, we numerically evaluate the negativity as a function of average photon number, which is presented in Fig. 4 . Furthermore, an operational meaning of the OQCV's negativity is discussed with respect to the Glauber-Sudarshan P function. in the form of two real numbers in the pair α = α r + iα i , and thus we use vector α = (α r , α i ) to represent the each measurement outcome.
The OQCV for a light stateˆ , with the measurement bases π -1 |α α| of M 1 and π -1 |β β| of M 2 , is given by
where W( α, β) = W(α r , α i , β r , β i ). Here, P ( α|M 1 ) = π -1 α|ˆ |α , P ( β|M 1 ) = π -1 β|ˆ |β and P ( α, β|M 1 , M 2 ) = π -2 | β|α | 2 α|ˆ |α . We note that the term P ( α|M 1 ) − P ( α|M 1 , M 2 ) disappears as the AoT condition holds in the quantum model. The four Hermite polynomials are employed to transform the two-pair continuous variables (α r , α i ) and (β r , β i ) (refer to the paragraph below the equation in Appendix B). We consider vacuum |0 , coherent state |w , number state |n , squeezed vacuum state |s r with the squeezing |r|, cat state A -1 ± (|w ± |−w ) with normalization factor A ± = [2 ± 2 exp(−2 |w|
2 )] 1/2 , and thermal state ∞ n=0 (n th ) n /(n th + 1) n+1 |n n| with average photon numbern th . For each considered state, the average photon numbers aren vac = 0 for vacuum, n co = |w| 2 for the coherent state,n num = n for the number state,n sq = sinh 2 |r| for the squeezed vacuum state,n + = |w| 2 tanh |w| 2 for the plus cat state, and n − = |w| 2 coth |w| 2 for the minus cat state.
B. Results
As we pointed out before, the negativity of OQCV is determined by the overlap between the given state and the measurement bases. In Fig. 3 , we plot the OQCV as a function of β by fixing α (in general, the OQCV lives in four-dimensional space; thus we fix one measurement basis for plots). We consider the vacuum, number state |2 , and squeezed vacuum states ofn sq = 5. The blue regions of each plot denote the negative values of the OQCV. We also observe the behavior of moving the positive (red) regions of the OQCV for number state |2 as changing the M 1 basis from α = (0, 0) to (1, 1), [see Fig. 3(d) ].
Let us now examine how the overlap contributes to the negativity of the OQCV for a coherent state |w . The OQCV reads
where the second term in the bracket, the marginal probability P ( β|M 1 , M 2 ) in Eq. (10), was obtained marginally from the joint probability distribution P ( α, β|M 1 , M 2 ). That is, (2π)
The negativity of W |w is determined by the difference in the bracket in Eq. (11) as the first term represents the joint probability distribution; i.e., it is always positive semidefinite. The difference in the bracket π -1 | β|w | (| β|w |−1/2) is non-negative if | β|w | ≥ 1/2. In the case of | w|β | < 1/2, W |w is negative in the competition between the negative difference and the positive joint probability. In particular, the value of the bracket in Eq. (11) is minimized when | w|β | = 1/4, so that the OQCV can be negative when the first measurement basis α satisfies | w|α | 2 | α|β | 2 < 2 −5 | 0|α |. Figure 4 shows numerical results of the negativity of various quantum states. We plot the negativity N as a function of average photon number. It turns out that all considered states (except the bright thermal state) are nonclassical, i.e., they all have negative values in their OQCV. We observe that of the coherent, squeezed vacuum, and cat states have the negativity that saturates ton ≈ 20; in particular the coherent state saturates to N co = 0.250045. For the squeezed vacuum state, its negativity still increases persistently. The vacuum state shows N vac = 0.145420. In contrast, the thermal state shows the opposite behavior from the others. The negativity of the thermal state, N th , decreases as the average photon numbern th increases, and finally N th → 0 as n th → ∞. Furthermore, it is remarkable that the bright thermal state converges to the domain of no signaling in time and thus its limit is classical (see Appendix C for more details). The stateˆ is said to be nonclassical if the P function is negative or highly singular [9, 32, 33] . The OQCV of arbitraryˆ is then given by the expectation of the W |w over the P function:
It is worth noting that operationally defined OQCV reveals the negativity by an interplay of a given state and measurements. The stateˆ is considered by OQCV to be nonclassical if, for some α, and β,
While vacuum, coherent, and thermal states have positive P functions, their OQCVs can be negative. 
IV. EXPERIMENTAL SCHEME
We propose an experimental scheme for the sequential measurement of quadrature variables. The coherent state basis measurement is implemented by using homodyne detection [34, 35] and a joint scheme [36] [37] [38] called heterodyne detection. The typical homodyne detection scheme is employed for the state tomography such that the input light totally vanishes by photocounter. To sequentially measure quadrature variables in OQCV, we demand a nonvanishing optical measurement scheme. Our experimental proposal can be applied to arbitrary states.
Our optical scheme consists of beam splitters and two homodyne detections whose local oscillators are locked to measure (x, p)-quadrature variables. The beam splitters (BS) transform input fieldâ 1 ,â 2 to output fieldâ 3 ,â 4 with the relationsBâ 1B † = (â 3 +â 4 )/ √ 2 andBâ 2B † = (−â 3 +â 4 )/ √ 2. Two ancillary states |0 x,p are also used to creat entanglement with the input state. The ancillary states are prepared as the zero eigenstates of recpective quadrature variables, i.e.,x |0 x = 0,p |0 p = 0. The scheme is illustrated in Fig. 5(a) .
Consider a light stateˆ = d 2 αP(α)|α α| as an input state. The state first passes BS1, and the output statê
BS2 and BS3 are also applied and mix with the zero eigenstates |0 x , |0 p . This results in an entangled state in the quadrature basis. The entangled state is given byB 3B2 ˆ ⊗ |0 x 0| ⊗ |0 p 0|)B † 2B † 3 , and its diagonal elements read
where the Ψ(x), Ψ(p) are the wave functions for the coherent state represented in x, p space. In this case,
We only consider the diagonal elements of the state as the quadrature measurements |x x|, |p p| will be performed at the ancillary modes.
To obtain the entangled state, we use the fact that coherent states and zero eigenstates can be entangled when they are mixed via BS [39, 40] :
The probability P (x, p) for measuring x, p at the two homodyne detections is obtained as the scaled Husimi Q function of the coherent state basis |µ µ|, where µ = x + ip:
As a result of the homodyne detections, the state is collapsed to the measurement basis |x x|⊗|p p|. However, the obtained probability P (x, p) comes from the coherent state basis measurement acting on the initial stateˆ . Thus, we expect to collapse the initial state to the coherent state basis after this measurement. To achieve this, we additionally perform a vacuum basis measurement at the end of the scheme. The vacuum basis measurement can be implemented by selecting the event when photodetector 1 (PD1) is not clicked. This conditional statê φ becomes the coherent state |µ µ| [36, 41] , i.e.,
whereB 4 is the operator of beam splitter 4 (BS4). The proof for this equality is shown in Appendix D.
The sequential measurements of coherent state bases can be realized by performing this Q-function measurement consecutively as depicted in Fig. 5(b) . In practical experiments, the zero eigenstates can be replaced by the vacuums highly squeezed in the x-or p-quadrature direction. Then the practical accuracy of this measurement depends on the squeezing degrees of the ancillary vacuum states.
V. CONCLUSIONS AND DISCUSSIONS
We suggest the operational quasiprobability for the continuous-variable systems (OQCV). It involves the sequential measurements of quadrature variables. The commensurability of our approach enables one to directly compare the OQCV to its classical counterpart, probability distribution, on the same footing. As a classical model, we consider the macrorealistic model, assuming the NSIT and AoT conditions [19] [20] [21] . In the classical model, OQCV becomes a joint probability distribution of the sequential measurements. Therefore, the negative values of the OQCV imply the violation of the classical model, i.e., the condition of NSIT or AoT. We show that vacuum, coherent, squeezed vacuum, number, cat and thermal states in low average photon number have negativities in their OQCV. On the other hand, the OQCV function of the bright thermal state converges to the domain of NSIT in the limit of an infinite number of average photons and thus its limit is characterized as classical. We also propose a feasible optical scheme to realize the sequential measurements of quadrature variables.
The commensurate approach can be extended to the scenarios having more than two temporally (or spatially) separated observers sharing quantum systems. We reported such results for discrete quasiprobability in Ref. [15] . It still remains an open problem to clarify differences between the conditions of NSIT and nonnegative OQCV as shown in Fig. 2 .
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As we pointed out, the probability distribution can be expanded by Hermite polynomials in the form of Eq. (2). Then by the orthogonality in Eq. (4), one has
δ mk δ nl C kl = C mn .
Appendix B: Probability representation of the OQCV
To obtain the probability representation in Eq. (7), we expand the distribution W(x 1 , x 2 ) into the characteristic tensors Γ 00 , Γ 0n , Γ m0 , and Γ mn in Eq. (5):
W(x 1 , x 2 ) = e P (x 2 |M 2 ) − P (x 2 |M 1 , M 2 ) , where we used P (x 1 |M 1 ) = e Γm0 2πm! H m (x 1 ) and P (x 2 |M 2 ) similarly.
Equation (10) is derived when the Hermite polynomial of x i is replaced by the two Hermite polynomials of the continuous-variable pair (α r , α i ), i.e., H m (x 1 ) → H p (α r )H q (α i ) and H n (x 2 ) → H r (β r )H s (β i ). The observations without measurement M 1 or M 2 in Figs. 1(a) -(c) are also distinguished by zero index in the pair (p, q) = (0, 0) or (r, s) = (0, 0).
Appendix C: Negativity of thermal state
We show that the OQCV of the thermal state converges to the joint probability for sequential measurement M 1 , M 2 in the limit of an infinite number of average photons,n th . For the thermal state ∞ n=0 (n th ) n /(n th + 1) n+1 |n n|, the OQCV is given by W( α, β) = P ( α, β|M 1 , M 2 )
where the probabilities involved in composing the OQCV are P ( α, β|M 1 , M 2 ) = e −|α| 2 /(n th +1) e −|α−β| 2 π 2 (n th + 1) , P ( β|M 2 ) = e −|β| 2 /(n th +1) π(n th + 1) , P ( β|M 1 , M 2 ) = e −|β| 2 /(n th +2) π(n th + 2) .
We expand the probabilities in power series ofn th , in the limit ofn th → ∞, P ( α, β|M 1 , M 2 ) → A( α, β) n th and 1 2π e 
